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Abstract: We derive some inequalities for the cylinder function C,(x, a) defined by 
C~(x,~)=J~(x)cosc~-Y~(x)sina, O<cYca 
where J,(x) and Y,(x) denote the Bessel functions of the first and second kind, respectively. Our chief tools are three 
recurrence relations for C,( x, a) and an integral formula for J,(x). 
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1. Introduction 
For Y > 0 let C,( x, a) be the general cylinder function 
C,(x, a) =J,(x) cos a - Y,(x) sin (Y, 0 < (Y < 7, 
where J,(x) and Y,(x) denote the Bessel functions of the first and second kind, respectively. 
For (Y = 0 and cy = *IT we get C,(x, 0) -J”(x) and C,(x , &rr) = - Y,(x) respectively. In this 
paper we are concerned with some inequalities for the function C,(x, a). 
Our principal tools are the following recurrence relations [9, p. 82-831 
C,+,(x, 4 = 
2(v + 1) 
X 
C”,,(XV 4 - C,(X, 4, 
C,l(X, a> = -C,+,(X, a> + ;c,(x, a>, 
c:(x, a> = C,-,(x, a) - ;c,cx. a) 
where CL(x, a) = dC,(x, a)/dx. 
0.1) 
0.2) 
0.3) 
In the literature there are many inequalities satisfied by J,(x), but the study of inequalities for 
C,(x, a) is in general more complicated and it requires a more sophisticated analysis. Recently 
Paris [7] has proved some interesting inequalities for J,( vx), v > 0, 0 < x < 1. 
Here we extend his methods and results to C,(x, a). For the interval 0 < (Y < IT some of our 
results improve those of Paris for the special case of J,,(x) corresponding to (Y = 0. Precisely Paris 
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has proved that 
and remarked that these inequalities are quite sharp in the limit x --* 1, although they do not 
provide any information when x = 1 (in this case the inequalities become equalities). Thus (1.4) 
can be thought of complementing the inequality of Kapteyn-Siegel [9, p. 268; 81 
J”W < 
xv exp( ~(1 - x2)i’*) 
[1+(1 -x2)“2]V ’ 
v>o, O<x<l 0.5) 
which is useful for x close to 0. 
We use jYk, jik, c,,~ and cik to denote the kth positive zeros of J,(x), JL( x), C,( x, a) and 
C:( x, a) respectively. 
2. Inequalities for C,( x, a) 
From (1.1) we have 
c”+l(x, 4 = ax, 4 2(A 1) I G+*b, 4 C”(X, Lx) + 1  . (2.1) 
It is useful to distinguish two cases: 
(a) cu=o and (b) 0 <(Y<71. 
In the first case Cy(x, 0) reduces to J,(x). It is well known that J,(O) = 0 and J,(x) > 0 for 
v > 0 and 0 < x <j,,. 
Moreover the function j,, increases with respect to v, therefore the functions Jv+*(x) and 
J,(x) are both positive for 0 < x <j,, and by (2.1) we obtain 
J,+,(x) 
J"(X) ’ 2(A 1)’ 
O<x<j,,, v>O. 
InthecaseO<~<~,sincelim,,,+Y,(x)= --cc weget 
lim C,(x, a) = Xtrn+ [J”(x) cos a - Y,(x) sin a] = + cc, 
X-O+ 
(2.2) 
moreover c,i increases with respect to v and consequently the functions CV+2(x, CX) and Cy(x, a) 
are both positive for 0 < x < c,i and 0 < (Y < IT. Therefore we can conclude that 
C”,,b> 4 X 
C”k 4 ’ 2(v+1)’ 
O<a<lT, o<x<c,I, v>o, 
which, using (1.2), can be written as 
qxx, 4 X 
ax, 4 + 2(v+1)’ O<X<Cyl, v>o. (2.3) 
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Let 5 = t(v) satisfy the inequality c,i > 5, then an integration of (2.3) between x and 5 gives 
v>o, O<t<l, (q,l, O<a<7r, 
where the choice x = .$t has been made. 
(2.4) 
From (2.4) we can obtain many new inequalities. For example by a result of Muldoon and 
Spigler [6] the first positive zero c,i of Cy(x, a) satisfies the inequality c,i > v if 0 < LY < 27, 
therefore for these values of (Y we can replace < by v in (2.4) obtaining 
For (Y = 0 we recover the left inequality in (1.4) proved by Paris. A new inequality satisfied by 
J,(x) can be obtained by (2.4) recalling the property j,, >jii. [9, p. 4861. 
In fact replacing 5 by ji, in (2.4) we have (a = 0) 
v>O, O<t<l. 
Remark 2.1. We observe that it is not possible to extend the last inequality to all functions C,( x, 
(u), because the relation c,i > CL, is not satisfied for any (Y E (0, IT). 
Remark 2.2. For t = 1 all the inequalities obtained here reduce to equalities. Therefore, they 
provide useful information for t close to 1. 
In [5] it was proved that for 0 G cx 6 $r the function c,i is concave with respect to v and as a 
consequence of this property the inequality c,i > co1 + v was established in [2]. Consequently for 
0 < (Y < $t~ we can use 5 = co1 + v in (2.4), leading to 
cvKc01 + v>t, 4 > exp (co1 + d2(1 - t2> 
C” ( co1 + v, a)t” i I 4(v+l) ’ v>o, O<t<l, o<ar,<$n. 
It is useful to note that this result encludes the important particular cases cx = 0 and LY = 1~ 
corresponding to J,(x) and - Y,(x), respectively. Clearly we can use other inequalities for c,, (or 
j,,) to obtain new results. 
One of these can be obtained by the property j,, > v + 1.855757~“~ + O.~V-‘/~, proved by 
Hethcote [3] for v > 1, which provides useful information for large values of v. 
3. Further inequalities 
In this section we use a more sophisticated analysis to prove new results for C,(x, CZ). 
We write the recurrence relation (1.3) in the following form 
C,+i(X, a) 
c,(x, a> 
= 5 I- (3.1) 
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and distinguish four cases: 
(a) c:r G V; (b) c:r ’ v, c,r ’ v; 
(c) c:t > v, c,t < v; (d) a=0 
where the cases (a), (b), (c) correspond to (Y E (0, 7). 
(a) By (2.2) we know that limx,,+C,( x, a) = + co, consequently C,(x, a) is positive on some 
right neighbourhood of x = 0. 
By a result of Muldoon and Spigler [6] the inequality c’ ul d v can occur only for 0 < (Y < 3~. On 
the other hand another result of these authors in [6] asserts that C,(x, a) vanishes on 0 < x < Y 
only if $7 < LY < T. Thus if 0 < c’ Vl G v, then c,t > v, C,( x, a) > 0 for 0 < x < c:, and C,l( x, ‘Y) < 0 
for 0 < x < c:r .Therefore, CL, ,( x, a)/C,( x, (Y) will be negative for 0 < x < y( v, a) where y( v, a) 
= minVzO{ c:r, cL+t,r} and by (3.1) 
C”,,(X> 4 X 
C”h 4 
>- 
vfl’ 
v>o, O<x<y(v, a)<v (3.2) 
for some cu E (0, a7r). 
We prove now that y( v, a) = cit. For k = 2, 3,. . . we get cLk > v and the inequality cLk < c:+,,~ 
is an immediate consequence of the monotonic character of cik as a function of v. Since the 
monotonicity of cik cannot be extended to k = 1 when c& < v, the property CL, < ci+t,t is not 
immediate. However by (1.2) we get 
and recalling that Ci’( c:r, a) > 0 and C,( c:t, a) > 0, it follows that CL+,( CL,, a> < 0. Thus we 
have two possibilities: c:t < ci+t,t or CL, > c:+t,=. But the last inequality contradicts the property 
cL2 < CL+,,=, consequently c:r < ci+t,, and y(v, a) = cit. 
(b) We know that the zeros cVk of Cy(x, cr) are simple. This property and the differential 
equation 
x2y” + xy’ + (x2 - v’)’ = 0 
satisfied by C,( x, a), show that CL’( c:r) # 0. Recalling (2.2) we can conclude that 
local minimum at c:r, thus we have C,( c:r, a) < 0 and consequently c,, < c&. 
Therefore C,,(x) > 0 and CL(x) < 0 for 0 < x < c,r. Moreover recalling that 
obtain by (3.1) 
cv+,(x, 4 X 
CAL 4 
>- 
v-tl’ 
v>O, O<X<C,~, wherec,,>v. 
C,(x, a) has a 
(3.3) 
The above mentioned results of Muldoon and Spigler assert that for in G (Y G 2~ we get 
CL, > v and cV1 > v. Thus inequality (3.3) holds for any (Y E [in, in]. 
(c) In this case we have C,(x, a) > 0 and Ci+,(x, cy) < 0 for 0 < x < cV1 and the inequality 
(3.4) 
holds. 
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Combining (1.2) and (3.2) we obtain 
C:(x, a) X <“-_ 
C”(X, 4 X v+1 
and integrating this inequality between [x, 
C&G a) 
C”@, a>t” 
-exp{‘fit~!l;)~, 
Similarly by (3.3) and (3.4) we have 
C”(@, a> 
C”(5, a)t’ 
v>o, O<t<l, <<C,i, (3.5) 
where c,, > v for any (Y E [HIT, 2 IT], while c,i G v can occur only for (Y E (27, 7). 
Thus for $r < (Y < &r we can replace ,$ by v in the inequality above, this leading 
In the particular case (Y = $IT, C,( X, i q) = - Y,(x) and by (3.5) we obtain the inequality 
where y,, denotes the first positive zero of Y,(x). If we replace E by v in this inequality we get 
while if use the inequality yyI > y,,i + v [2, p. 2221 (which is useful for values of v close to zero), 
we have 
Y,[bo, + 44 
y,(y,, + v)t” ’ exp i 
h + vJ20 - t2> 
I 2(v+1) ’ 
v>o, O<t<l. 
(d) The case (Y = 0 requires a particular treatment. In this case we need to study the sign of the 
function JL+i(x)/J,(x) in (3.1). We know that 
J”(X) > 0, 0 <x <j,i; J:+,(x) ’ 0, 0 < X <j:+,,,. (3.6) 
Therefore J,‘+ 1 ( x)/J,(x) will b e positive for 0 < x < y(v), where y(v) = min, > 0{ j “,,, jz+ i,r }. 
We prove now that jL+,,i <j,,,. For some v > 0, suppose the contrary. 
By (1.3) with C,( x, a) = J,(x) we get 
O=J,(j~+i,i) - ~A+i(i:+i,i) 
and since J:+~,~ -CJ,,+,, [9, p. 4861 by the first of (3.6) with v replaced by v + 1, J,+,( jL+l.,) > 0 
and consequently Jv(ji+,,,) > 0, which implies j:,,., #j,,. 
The function J,(x) is negative on the interval ( jyl, jy2), therefore under the conditions 
j’ u+l.l >j,, and J,( Jo,,,,) > 0 we must have ji,,., > j,,. 
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Recalling again that ji+t,r ~j~+,,~, we can conclude that j,,,,, > jy,2, which contradicts the 
properties that the zeros interlace according to the inequalities [l, p. 370, 9.521. 
j,t <jV+r,r <J;,z <ju+l,2 <J;,, . * . . 
This contradiction proves that y(v) = jL+ t,r and J:+,(x)/J,(x) > 0 for 0 < x < ji,,,,. Using, as 
in the previous cases of this section the recurrence relation (1.2) and integrating between [t and 
5, with 5 < jj+,,,, we get 
(3.7) 
Remark 3.1. We observe that while in (3.5) the term exp{ t2(1 - t2)/2( v + 1)) is a lower bound 
for C,(x, (Y), the same term represents an upper bound for J,(x) in the equality (3.7). 
A consequence of (3.7) is the inequality 
4(&t) 
J,(jA b” 
that we obtain replacing 5 by j:,. However, the last inequality is less stringent than the one we 
prove in the next section, reasoning directly about an integral formula. 
4. An upper bound for J,,(x) 
The following integral formula [9, p. 3781 
J,+,(x) = x[‘*J,,(x sin 0) sirY’+%‘cos 8 d0 (4.1) 
was stated independently by Sonine, Rutgers and Schefheitlin and it was used by Siegel [8] for 
the extension to any v > 0 of the inequality (1.5) proved by Kapteyn only for integer v. Recently 
Paris used (4.1) to prove the upper bound in (1.4). Here we use (4.1) for the proof of a new upper 
bound of J,(x). 
Since J,(x) increases with respect to x for 0 < x <j:, we have 
J,+,(x) < x.JV(x)[‘2sin”+1B cos 8 dO= --&J”(x), v>O, O<x<j:,. 
0 
Using the recurrence relation (1.2) we get 
v J:(x) J”+,b) > : 
J,(x) = x - J,(x) 
x 
x v+2 
and, integrating this inequality over [x, jit], we obtain 
which is the desired inequality. 
A. Laforgia / Bessel functions 81 
References 
[l] M. Abramowitz and I.A. Stegun, Eds. Handbook of Mathematical Functions, Applied Mathematics Series 55 
(National Bureau of Standards, Washington, DC, 1964). 
[2] C. Giordano and A. Laforgia, Elementary approximations for zeros of Bessel functions, Journal of Cornputarional 
and Applied Mathematics 9 (1983) 221-228. 
[3] H.W. Hethcote, Error bounds for asymptotic approximations of zeros of transcendental functions, SIAM J. Math. 
Anal. l(l970) 147-152. 
[4] A. Laforgia and M.E. Muldoon, Inequalities and approximations for zeros of Bessel functions of small orders. 
SMM J. Math. Anal. 14 (1983) 383-388. 
[5] A. Laforgia and M.E. Muldoon, Monotonicity and concavity properties of zeros of Bessel functions, J. Math. Anal. 
Appl. 98 (1984) 470-477. 
[6] M.E. Muldoon and R. Spigler, Some remarks on zeros of cylinder functions, SIAM J. Math. Anal. 15 (1984) 
1231-1233. 
[7] R.B. Paris, An inequality for the Bessel function J,(vx), SIAM J. Math. Anal. 15 (1984) 203-205. 
[8] K.M. Siegel, An inequality involving Bessel functions of argument nearly equal to their order, Proc. Amer. Math. 
Sot. 4 (1953) 858-859. 
[9] G.N. Watson, A Treatise on the Theory of Bessel Functions (Cambridge University Press, London/New York, 2nd 
ed., 1944). 
